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A motivation

Notation k :alg closed fld of ch(k) = 0.

Algebraic geometry - - - Study of Varieties (Schemes)

=~ " Zero loci of polynomials "

» Projective vars (schs) = closed subvars (subschs) of P".

» Calabi-Yau mfds M = cpt sm vars with wp; ~ Op.
An example of proj CY mfds

e MCP*defby xg+x+x3 +x3+x; =0
Then, M is denoted by

Proj(k[xo, x1, X2, x3, xa] /(g + X¢ + %5 + X3 + x7))-
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In general, we can define a proj sch Proj(R) for any comm graded
algebra R.

Questions

1. Can we consider noncommutative (NC) proj schs for NC gr algs
R?

2. Can we also consider NC proj CY schs ?

This talk
We give the notion of NC proj CY schs and two types of examples.

e NC analogues of hypersurs in weighted proj sps

e NC analogues of Cl in products of proj sps
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Notation

e k=k: alg clo fld of ch(k) = 0.
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Introduction

o R=®j>oR;: a comm fin gen gr k-alg.
e gr(R): cat of fin gen gr R-mods.
e fdim(R): cat of fin dim gr R-mods.

Theorem (Serre)

Suppose that R is generated by Ry as a k-algebra.
Then,

Coh(Proj(R)) ~ qgr(R) (:= gr(R)/ fdim(R)).

Remark qgr(R) is the cat with
e Obj(gr(R)) = Obj(agr(R)),
o Homgg(g)(m(M), w(N)) = lim Homyg(r)(Mzn, N>)
,where 7 : gr(R) — qgr(R) i’s7 the projection.
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Remark

» When R is NOT generated by Rj, the thm does NOT
necessarily hold.

» (M) ~n(N) <= M>, ~ N>, for n>> 0.

Theorem (Gabriel, Rosenberg)

X, Y: noeth schemes
Then,
Coh(X) ~ Coh(Y) = X ~ Y.

Slogan
qgr(R) (or Coh(X)) is essential !
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NC proj schemes

o R = ®i>oR;: right noeth fin gen gr k-alg.
e qgr(R) := gr(R)/fdim(R), which is the cat with
obj same as the objs in gr(R),
mor Homgg(r)(m(M), m(N)) = lim Homg(ry(M>p, N> ).

n

Definition (NC proj schemes)

We call (qgr(R), 7 (R)) the projective scheme of R and denote it
by Proj,.(R).
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Example

Let gj € k™ for 0 <i,j < n.
klxo, s Xnl(qy) = k(X0s -+ s Xn) /(XiXj — QijXjXi)o<ij<n-
We call this algebra a quantum polyonomial ring.

Remark
> q,',';é]_:>Xi2:0.
> qijgji # 1 = xixj = xjx; = 0.
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NC proj CY schemes

Let X cpt smvar. X : CY <g> wx =~ Ox.

Definition

D : k-lin tri cat. (e.g. D?(X), D?(qgr(R))

A Serre functor of D is a funct Sp : D — D s.t.
> Sp is an equiv,
» Homp(E, F) ~ Homp(F,Sp(E))Y.

% A Serre funct is uniquely determined if it exists .

Fact

X : sm proj var of dim n.
Then, — @ wx[n] : DP(X) — DP(X) is a Serre functor.

Remark X : CY < Spp(x) = [n].
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Definition
C : ab cat with enough injs. (e.g. Coh(X),qgr(R))

gl.dim(C) := Sup{n € Z | Ext3(E,F) # 0, E, F € ob(C)}.
We call gl.dim(C) the global dimension of C.

Fact

X : proj var.
Then, X is sm of dim n < gl.dim(Coh(X)) = n.

Definition

Proj..(R) = (agr(R), m(R)) is a proj CY n-scheme if
» gl.dim (qgr(R)) = n,
> Sor(age(r) = 171
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Theorem (Kanazawa '14)

o Ai=K[xo,  Xnl(gy)/ (% x4 XM with deg(x;) = 1.
Suppose

1 gi= qijqji = 1, VI’J

9. qn+1 =1, V
Then,

Proj,.(A) is a CY (n — 1)-sch iff T}, gjj is independent of j.
(ie., Fcek* sit. =[], q; for Vj)
Remark
» Thm of Kanazawa — NC analogue of Fermat hypersurs.
> 1,2 = qgr(A) is sm & Sgg(a) exists.
> [ 5gij: indepof j =S aer(A) = [n—1].
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Result 1

Theorem (M)

e (do, - ,dy,) € N1 satisfying d; | do + - - - + dp(=: d).

o A= k[X07 Tt 7Xn](qU)/(Xg/dO Srooc +Xr(1j/dn) Wlth deg(x,-) = di-
Suppose

1. gi = qjiq;i =1, Vi

2. qf/% =g/ =17,
Then,
Projnc(A) is CY (n - 1)-5Ch iffEIC € k* s.t. Cdj = le]:O qij for Vj_

Remark
» When d; = 1, then the thm recovers Kanazawa's theorem.

» the thm is a NC analogue of weighted Fermat hypersurfaces.
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|deas of the proof

1. Proving qgr(A) is sm.
2. Calculating Sggr(a)
About (1)
o/

Ci=klyo, ynl/o+ - +yn) > A (vi=x"").
Then,

agr(A)= qgr(Al)
+—This is called a quasi-Veronese alg by Mori

Agi Agiy1 cor Aditd—1
— Agi—1 Agi cor Adizd—2
~ Coh(Aldl), Al .= f . . .
i€z Adi—d+1  Adi—d+2 - Agi

~> Enough to show gl.dim((A[d])(yl.)) =n-—1.
~~ Taking a regular seq of ((A[d])(yl.))n ("n C G,y maxi ideal).
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About (2)
& Yekutieli, Van den bergh
(a). Sqgr(ay = m(— ®H;\ RI(A))[-1].
e mi= A>0,
o I'y(M):={meM|mAs,=0,7n€ N} : bimod
o M = d; Homk(/\/L,-, k)
& Reyes, Rogalski and Zhang
(b). RIm(B) ~1B*(—d)[n+1].
o B:i=kl[xo- ;Xn)(qy):
o 1:B— B, xj— _yqix;.
e mod struct of 1B* is def by [ mx* r := Imu(r).
(c). RIm(A) ~ *A#[n].
(') Remember that A = B/(f) where f := Zx,-d/d".
0= B(-d) X B> A0
~ RIm(B) X RI(B) (d) — RIW(A)[1].
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Finally,

ngr(A) = 77(_ XA 1AM)[n - 1]

So,
Sagr(a) = [n— 1] & m(M*) = (M) ("M € gr(A)).
& Ice kX st Hq,-j =c% forallj (%)

i=0
U

Remark
If (%) holds, ¢ : M — M, p(m) = c?&(Mmis an iso with no
dependence on M.
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Definition

A quasi-sch/k is a pair (C,O), where
» k-lin ab cat C. (e.g. Coh(X),qgr(R))
> O € 0bj(C). (e.g. Ox, m(R))

Definition
(C,0),(C’, ') : quasi-schs/k.
Then,
» a mor from (C,0) to (C',0') is a pair (F, ) s.t.
F:C—C funct and ¢ : F(O) = O'.
» (F,p) : iso < F: equiv.

Example

f: X — Y mor (resp.iso) of schs/k.
Then, f induces a natural mor (resp.iso) of quasi-schs/k

F* 1 (Coh(Y),Oy) — (Coh(X), Ox).
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Comparison & examples

We set n = 3.
Then, (do, di, da, d3) satifying d; | > d;j & gecd(d;) = 1 is one of

(1,1,1,1),(1,1,1,3),(1,1,2,2),(1,1,2,4),(1,1,4,6),(1,2,2,5),
(17 27 3’ 6)’ (17 2’ 3’ 9)7 (17 3’ 374)7 (1’ 6’ 14’ 21)’ (27 37 4’ 4)7 (27 37 107 15)'
We choose (1,1,2,2) and
1

1 1 w
o1 oW —-143i
@)= 59 1] o=
w 1 1 1

Proposition

Under the choice above,
» Proj,.(A) # (Coh(M),On), (M : comm CY).
» Proj,.(A) 2 “ NC CY by Kanazawa ".
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(Sketch of the proof)
Let (X,.A) : a pair of a noeth sch and a coh alg.
We define the sheaf of the center Z(.A) of A as follows.

Z(A)(U) :={s € A(U) | s|lv € Z(A(V)), ¥V C U open}.

Remark Z(A)(U) = Z(A(U)) if U is affine.

Proposition (Burdon, Brozd '22)

(X,.A),(Y,B) : pairs of noeth schs and coh algs.

Then, Coh(.A) ~ Coh(B) = Spec(Z(.A)) ~ Spec(Z(B)).
» Coh(A) ~ Coh(M) = Spec(Z(A)) ~ M.
» (Y,B): NC CY 2-sch of Kanazawa = Spec(B): sm.
» However, Spec(Z(m)) is not sm.

Remark
We can prove a part of the prop by comparing their point schemes.
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Result 2

Fact

e S .= k[Xo--‘ 7Xn],T3: k[yo... ,)/m]-
We regard S @ T as a Z2-gr alg.
Let f; be bihog polys in S®@, T (i=1---,r).
Then,

subsch def by {f,--- ,f,} ~ Proj(A(S® T/(f1,---

% deg(x;) = (1,0),deg(y;) = (0,1).
s For any Z2-gr alg R, A(R) := @y, Rir-
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Theorem (M)

X := Proj,.(A(S ® T/(f1, k))).

(i)

o S=klxo, ++  xnl(gy)-

o T =klyo,  yml(g)-

° fl _ EXI-rH—l,fQ — Eyjmﬂ-
Suppose

1. qii = ql_/qjl = qn+1 =1

+1
2. g =q}q;; = q’Z’ =1

Then,

X is CY (n+ m — 2)-sch
iff 3c,c’ € kX s.t.

¢ =MNqgj, ¢ = I'I}":Oq;-j.

n (ii), a similar claim holds when T = k[yp, - -

(i)
o S=klx0, -, %n](q;)-
o T =kiyo, -, ¥Ynt1)-
o fi=Sx"ly, =yl
Suppose
qi = q5qii = g5 ' =1
Then,

X is CY (2n — 1)-sch
iff 3c e kX st c=MN"yq;.

,¥n] and f, = Xy,

1
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|deas of the proof

We use gbigr(C) := bigr(C)/ fdim(C) (C := S ® T/(f, f)).
&+ Rompay
In our case, gbigr(C) ~ qgr(A(C)).
We show
1. gbigr(C) is sm. — We can prove as in MT1 (more easily).

2. Calculating Sgpigr(c)- — We prove Key Lemma.

Key Lemma
o m:=®j;>0Cj,
o [w(M):= Ii_rp)Hom(C/m”, M).
(i) Sapigr(c) = m(— ®" RIW(C))[-1].
(i) 7(— & RIW(C)) ~ m(— &Y RLw(C)) (W := ®i1j>0Cij)-

% Calculating RI,/(C)' is easy than RI,(C)'.
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Thank you for listening !
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