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ABSTRACT. We show that Bondal-Orlov’s reconstruction theorem holds in noncommuta-
tive projective geometry. We also prove that fully faithful exact functors between derived
categories of noncommutative projective schemes are of Fourier-Mukai type.

1. INTRODUCTION

Whether a scheme is determined by its (derived) category of (quasi-)coherent sheaves is
a fundamental problem in algebraic geometry. The first result in this direction is obtained
by Gabriel.

Theorem 1.1 ([ ). Let X,Y be noetherian schemes.
Coh(X) ~ Coh(Y) = X ~Y.

This result means that the category of coherent sheaves on a noetherian scheme de-
termines the scheme. Generalizations of Gabriel’s theorem to more general settings have
been studied by many authors ([ [ | ], [ ] and [ D).

In contrast to the case of the category of coherent sheaves, the bounded derived category
of coherent sheaves on a noetherian scheme does not determine the scheme. Mukai first
discovered this fact (| ]). He proved that the bounded derived category of coherent
sheaves on an abelian variety is equivalent to that on the dual abelian variety. On the
other hand, Bondal and Orlov showed that smooth projective varieties with (anti-)ample
canonical bundles are determined by their bounded derived categories of coherent sheaves.

Theorem 1.2 (| , Theorem 2.5]). Let X,Y be smooth projective varieties over a field
k. If the canonical bundles Kx, Ky are (anti-)ample, then

DP(Coh(X)) ~ D°(Coh(Y)) = X ~ Y.

Remark 1.3. In Theorem 1.2, actually, it is sufficient to assume that either x or Ky is
(anti-)ample.

This reconstruction theorem has been generalized to some other settings ([ ],
[ | and [ ). The method of the proof of Theorem 1.2 has also applications such
as determining the groups of autoequivalences of derived categories of coherent sheaves.

On the other hand, Artin and Zhang introduced the notion of noncommutative projec-
tive schemes (] |) from the viewpoint of the following result by Serre.

Theorem 1.4 (| ). Let R be a commutative finitely generated graded k-algebra which
1s also generated by Ry as Rg-algebra. Then,

Coh(Proj(R)) ~ qgr(R),
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where qgr R is the Serre quotient category of the category gr R of finitely generated graded
R-modules by the category tor R of finitely generated torsion graded R-modules.

For any (not necessarily commutative) right noetherian N-graded k-algebra R, the non-
commutative projective scheme associated to R is defined as the quotient category qgr R
of the category gr R of finitely generated graded right R-modules by the category tor R of
finitely generated torsion graded right R-modules. Considering Gabriel’s result and others,
the notion of a noncommutative projective scheme can be considered to be a generaliza-
tion of the notion of a commutative projective scheme. Furthermore, in noncommutative
projective geometry, interesting objects such as Artin-Schelter (AS) regular algebras have
been discovered and actively studied by many researchers.

In this paper, we consider the noncommutative version of Theorem 1.2.

Let k be a field. Let A, B be noetherian (i.e., left and right noetherian) locally fi-
nite N-graded k-algebras. We assume that A, B have balanced dualizing complexes (see
Definition 2.8). A canonical bimodule 4 for qgr(A) is a pair (— ® K4, Hom(Ky4, —))
of autoequivalences of qgr(A) such that for some n € N, the induced autoequivalence
— ® Kaln] of D’(qgr(A)) gives a Serre functor for D®(qgr(A)) (see Definition 2.11). Let
O4(7) be the object in QGr(A) corresponding to the right graded A-module A(i). The
main theorem in this paper is the following.

Theorem 1.5 (= Theorem 1.18). We assume that qgr(A), qgr(B) have canonical bimod-
ules K A, Kp, respectively.
If —@Ka,—®Kp are AZ-(anti-)ample (see Definition /.16), then

D’(qgr(A)) ~ D(qgr(B)) = qgr(A) ~ qgr(B).

AZ-(anti-)ampleness is a generalization of (anti-)ampleness of line bundles on a projec-
tive scheme in noncommutative projective geometry, which is introduced in [ ]. If we
assume that A, B are commutative connected graded k-algebras generated in degree 1,
then Theorem 1.5 recovers Theorem 1.2 since any projective scheme over k is isomorphic
to a projective scheme associated to a commutative connected finitely generated graded
k-algebra generated in degree 1. The result also has an application in the study of AS
regular algebras.

Corollary 1.6 (= Corollary 1.21). Let A, B be noetherian AS-regular algebras over Ay, By,
respectively (see Definition /.19). Then,

D’(qgr(A)) ~ D(qgr(B)) = qgr(A) ~ qgr(B).

To prove the corollary, the notion of quasi-Veronese algebras introduced in [ ]
is useful. This corollary follows from the observation that a noncommutative projective
scheme associated to a quasi-Veronese algebra of an AS-regular algebra is isomorphic to
the original noncommutative projective scheme and the fact that the canonical bimodule
of the noncommutative projective scheme of an appropriate quasi-Veronese algebra of an
AS regular algebra is AZ-anti-ample. In particular, even when proving the corollary for
connected graded AS-regular algebras, it is necessary to treat locally finite AS-regular
algebras. This is the reason why we prove Theorem 1.5 for noncommutative projective
schemes associated to locally finite graded k-algebras.

We also study Fourier-Mukai functors between derived categories of noncommutative
projective schemes. Let F' : Perf(QGr(A)) — D(QGr(B)) be an exact functor. F' is called
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of Fourier-Mukai type if there exists an object £ € D(QBiGr(A°P ® B)) such that we have
an isomorphism of functors F(—) ~ ®¢(—) := m(Rwa(—) ®4 Rwaerg, 5(E)), where A
is the associated dg category to A and ® 4 means the tensor product of dg A -modules.
The objects of A are the integers and the morphism spaces between i,j (i,j € Z) are
Hom (i, j) = A’~%. Note also that graded right (resp. left) A-modules can be considered
as right (resp. left) dg A-modules (in detail, see Section 3).

We show that exact fully faithful functors between derived categories of noncommutative
projective schemes are of Fourier-Mukai type. In commutative algebraic geometry, whether
exact functors between derived categories of coherent sheaves are of Fourier-Mukai type
is studied in many settings ([ I, [ I, [ 1, [ | etc., see also | ]). The
second main theorem in this paper is the following.

Theorem 1.7 (= Theorem 3.10). Let F' : Perf(QGr(A)) — D(QGr(B)) be an exact fully
faithful functor. Then, there exists an object £ € D(QBiGr(A° @y B)) such that

(1) ®¢ is exact fully faithful and ®g(P) ~ F(P) for any P € Perf(QGr(A)).

(2) If F sends a perfect complex to a perfect complex, then the induced functor ®g :
D(QGr(A)) — D(QGr(B)) is fully faithful and ®¢ sends a perfect complex to a
perfect complex.

(3) If R'Ty, (A) is a finite A-module, then F ~ ®¢. Moreover, if ®g =~ ®g/ for some
&' € D(QBIGr(A° ®y B)), then & ~ &'.

This theorem is a generalization of | , Corollary 9.13] to the setting of noncommuta-
tive projective geometry. In the same way, we can obtain a simpler version of Theorem 1.7.

Proposition 1.8 (= Proposition 3.12). Let Perf(QGr(A4)) — D(QGr(B)) be an exact
fully faithful functor. We assume that H°(QGr(A),O4(m)) = 0, m < 0. Then, F is of
Fourier-Mukai type and the Fourier-Mukai kernels are unique up to quasi-isomorphism.

To prove Theorem 1.7, we use methods in | |. In particular, we have to construct an
ample sequence of objects in Perf(QGr(A)) in the sense of Bondal-Orlov (] I, [ D).
In this paper, ample sequences are referred to as BO-ample sequences to distinguish the
notion of BO-ampleness from that of AZ-ampleness. However, because we cannot use
geometric techniques as in the case of commutative algebraic geometry, we need to use
some other algebraic methods to construct a BO-ample sequence in Perf(QGr(A)). The
notion of quasi-Veronese algebras is again useful. Taking quasi-Veronese algebras means
that we take another polarization of the noncommutative projective scheme. In particular,
considering quasi-Veronese algebra is convenient because higher quasi-Veronese algebras
are generated in degree 1. These discussions including the proof of Theorem 1.7 are in
Section 3.

To prove Theorem 1.5, we use techniques in | ]. In | ], the authors extended
results in | | to the setting of noncommutative projective geometry. In Section 4, we
study properties of Fourier-Mukai functors in noncommutative projective geometry. In
the original proof of Theorem 1.2, the notions of point-like objects and invertible objects
by Bondal and Orlov. However, in noncommutative projective geometry, it is difficult
to study these objects. For example, this is because simple objects in qgr(A) are more
complicated than simple objects in Coh(X). Therefore, we use ideas of arguments in
[ , Section 6], where the main technique is the use of Fourier-Mukai functors. By
proving generalized results in | ], we can prove Theorem 1.5.
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2. PRELIMINARIES
In this paper, we work over a field k.

2.1. Dg-categories. We recall basic notions about dg-categories and quasi-functors. We
refer the reader to [ ] and | ] for good surveys.

A dg category is a k-linear category such that, for all A, B € Ob(A), the morphism
spaces Homy(A, B) are Z-graded k-modules with a differential d : Homy(A, B) —
Hom 4(A, B) of degree 1 and the composition maps are morphisms of complexes. A dg
functor F' : A — B between dg categories is given by a map Ob(A4) — Ob(B) and mor-
phisms of complexes of k-modules Hom4(A, B) — Hompg(F'(A), F(B)) compatible with
the compositions and the units. The category with objects dg categories and morphisms
dg functors is denoted by dgCat. Given two dg categories A, B, one can construct the
dg categories Funge(A, B) and A ® B (for detail, see | , Section 2.3]). The objects of
Fungg (A, B) are dg functors from A to B and the morphisms are dg natural transforma-
tions of dg functors from A to B. The objects of A ® B are pairs (A, B) of objects A € A
and B € B and the morphisms are given by

Hom4g5((A, B), (4’, B")) = Hom4(A, A") @ Homg(B, B).
For dg categories A, B,C, we have the natural isomorphism
Fungg (A ® B,C) ~ Fungg (A, Fungg (B,C)).

For a dg categories A, we denote by Z°(A) and H°(A) the standard category and the
homotopy category of A, respectively. Z°(A) and HY(A) are the categories with the same
objects as those of 4 and morphisms

Hom o 4)(A, B) = Z°(Homu(A, B)), Hompo(a)(A, B) = H’(Homy(A, B)).

For a dg-category A, A°P denotes the opposite category of A. Its objects are the same as
those of A and for all A, B € Ob(A), the morphisms are defined by

Hom 400 (A, B) = Hom4(B, A).
The composition of f € Homyer(A,B) and g € Homyer(B,C) is defined by
(—1)des(f) deg(9) £ ¢,

For a dg category A, we define a right dg A-module as a dg-functor A°? — Cg,(k),
where Cyq(k) is the dg category of complexes of k-modules. A left dg A-module is a dg
functor A — Cgg(k). Let B be another dg category. A dg A-B-bimodule is a dg functor
A ® B%® — Cqg(k). We set dgMod(A) = Funge (AP, Cae(k)). When we simply say a dg
A-module, we mean a right dg .A-module. We denote by Acyqg(A) the full dg subcategory
of dgMod(A) consisting of acyclic dg modules. The dg derived category Dgg(A) is the
dg quotient dgMod(A)/ Acyqe(A). The derived category D(A) is the Verdier quotient
HY(dgMod(A))/H"(Acyag(A)). For each object X € A, we have the right dg module
Y 4(X) representable by X, which induces the dg Yoneda functor

Yq:A—dgMod(A), X —Y4(X):=A(—,X).

We denote by A C h-proj(A) the full dg subcategory with objects the dg modules which
are homotopy equivalent to objects in the image of Y 4.
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A dg-module is free if it is isomorphic to a direct sum of dg-modules of the form
Y 4(X)[n], where X € A and n € Z. A dg-module M is semi-free if it has a filtration

O=MyCcMyC---CM,C---CM

such that M;/M,_; is free for all i. The full dg subcategory of semi-free dg modules is
denoted by SF(A). A semi-free dg module M is finitely generated if M,, = M for some n €
N and M;/M;_1 is a finite direct sum of dg modules of the form Y 4(X)[n]. A dg module
M is perfect if it is homotopy equivalent to a direct summand of a finitely generated semi-
free dg module. We denote by Perfyy(.A) the full dg subcategory of dgMod(.A) consisting
of perfect dg modules. For a dg-module P, P is called h-projective if

H° (Homgg\foa(a) (P, N)) =0

for every acyclic dg module N. We denote by h-proj(.A) the full dg subcategory of
dgMod(A) consisting of h-projective dg modules. Note that we have the canonical dg
functors

SF(A) < h-proj(A) — dgMod(A),
which induce the equivalences

HY(SF(A)) ~ H°(h-proj(A)) ~ D(A).

Definition 2.1. Let T be a triangulated category that admits arbitrary direct sums. An
object X € T is called compact if the functor Hom7 (X, —) commutes with arbitrary direct
sums. We denote by 7°¢ the full subcategory of compact objects in 7. Let S C Ob(7°) is
called a set of compact generators if any object Y in 7 such that Hom7 (X, Y[n]) = 0 for
all X € S and all n € Z is the zero object.

Example 2.2 (See also | , Example 1.9]). Let A be a dg-category. The set
{Y 4(X)}xea is aset of compact generators for D(.A). The subcategory D(.A)¢ of compact
objects coincides with the subcategory Perf(A) of perfect dg modules.

Let M € dgMod(A) and N € dgMod(A°P). Then, the tensor product M ®4 N is
defined as

M@aN:=Cok [=: @ M(A) @ Homy (B, A) @ N @M Yyor N(C) |,
A,BEA CeA

where

E((m, f,n)) =M(f)(m) @ n — (=1)4E 4D m @ N(f)(n)
€ (M(A) @, N(A)) © (M(B) @), N(B)).

In addition, let M € dgMod(A°? ® B) and N € dgMod(B°°? ® C). Then, the tensor
product M ®p N € dgMod(A°? & C) is defined as

(M ®B N)(A7 C) = M(Aa _) ®B N(_7C)
for any A € Aand C €C.

Definition 2.3 (See also | , Definition 3.2, Propostion 3.6]). Let F' : AP ® A —
Cgg (k) be a dg A-A-bimodule. The coend fAGA (A, A) of F is defined by
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AeA
/ F(A,A):=Cok [ @ A(B,A)&F(A,B)— P F(C,0) |,
A,BeA CeA

f@ar foa—(—1)dslf)de@)y, . 1

Example 2.4 (See also | , Appendix C.3], | , Example 2.13]). Let M, N be a
right and left dg .A-module, respectively. Then,
AeA
M®q N = M(A) ®, N(A).

Given two dg cateogries A,B, then there is an isomorphism of dg-categories
dgMod (A’ ® B) ~ Fungg(A,dgMod(B)). So, for an object £ € dgMod(A°°® ® B), we
have a corresponding dg functor g : A — dgMod(B). Conversely, let F': A — B be a dg
functor. Then, there exists a unique E € dgMod(A° ® B) such that Vg = F.

Let FF : A — dgMod(B) be a dg functor corresponding to E € dgMod(A°® ® B).
Following [ , Section 3.1], we define the extension and restriction of F'. The extension
of F is the dg functor F* : dgMod(A) — dgMod(B) defined by F*(—) := — ®4 E. The
restriction of F is the dg functor Fy : dgMod(A) — dgMod(B) defined by Fi(—) :=
Hom(F(—), E). The dg functors (F*, Fy) are adjoint to each other: for M € dgMod(A)
and N € dgMod(B), we have the natural isomorphism

Homggnodq(s) (F™ (M), N) == Homggnioa(a) (M, Fi(N)).

Let M be a dg A-B-bimodule. Then, M is right quasi-respresentable or a quasi-functor if
the dg B-module M (A, —) is quasi-representable for all A € A, i.e., M (A, —) is isomorphic
to a representable dg B-module in D(B) for all A € A.

2.2. Noncommutative projective geometry. We recall basic notions about noncom-
mutative projective geometry introduced in | ].

Let A = @,.; Ai be a Z-graded k-algebra. We denote by A° the opposite algebra of A
and define the enveloping algebra A™ = A ®; A°P. We denote by Gr(A) the category of
graded right A-modules with morphisms the A-module homomorphisms of degree 0 and
by gr(A) the full subcategory of finitely generated graded right A-modules. For a graded
right A-module M, we define the Matlis dual M’ € Gr(A°P) by M/ := Homy(M_;, k). For
an integer n € Z, we define the truncation M>,(resp. M<y) € Gr(A) by M>, = @,~,, M;
(resp. M<, = @<, M;) and the shift M(n) € Gr(A) by M(n); = M;1,. We say
that M is right (respectively, left) bounded if there exists n € Z such that M, =0
(respectively, M<,, = 0). We say that M is bounded if it is both right and left bounded.
For M,N € Gr(A), we write the graded vector space

Hom 4 (M, N) := @ Homg,(a) (M, N(n)), Extiy(M, N) := € Extiy, 4)(M, N(n)) (i > 0).
neZ neL
An N-graded k-algebra A is called noetherian if A is right and left noetherian.

Let A be an N-graded k-algebra. If Ay = k, then A is called connected. If A; is a
finite-dimensional k-vector space for all i € N, then A is called locally finite. In particular,
if A is right noetherian and Ay is finite dimensional, then A is locally finite. We often refer
to a connected N-graded k-algebra simply as a connected graded k-algebra when there is
no confusion. We assume that A is a noetherian N-graded k-algebra. For M € Gr(A), an
element m € M is called torsion if there exists n € N such that mA>, = 0. When any
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element of M is torsion, we say that M is a torsion module. Denote by Tor(A) (respectively,
tor(A)) the full subcategory of Gr(A) (respectively, gr(A)) consisting of torsion modules.
We write QGr(A) (respectively, qgr(A)) for the quotient category of Gr(A) (respectively,
gr(A)) by Tor(A). We write 74 for the projection functor and w4 for its right adjoint.
We also denote the composition Q4 := wama. We denote by 74 the functor that takes
M € Gr(A) to the submodule of M consisting of torsion elements. Note that we have
isomorphisms of graded right A-modules (cf. | , page 246])

Qa(M) ~ li_>m Hom(A>,, M), 7a(M)~Ty,(M):= H_)m Hom(A/A>,, M).
We define the Serre twisting sheaf O4(n) := m4(A(n)) for n € Z.

Definition 2.5 (] , Definition 3.2]). Let A be a locally fnite noetherian N-graded
k-algebra. We say that A satisfies the x-condition if for any M € gr(A), Ext®(Ag, M) is
bounded for all ¢ € Z. We say that A satisfies x°P-condition if A°P satisfies the y-condition.

Definition 2.6 (| , Definition 2.6]). For a locally finite N-graded algebra A, we say
that A satisfies the condition (EF) if every dimensional graded right A-module M is graded
right coherent (i.e., M is finitely generated and every finitely generated graded submodule
of M is finitely presented).

Remark 2.7 (] , Page 501]). When A is a connected graded k-algebra, the condition
(EF) is equivalent to the condition that A is Ext-finite. In addition, A right coherent
N-graded k-algebra A satisfies the condition (EF). If a locally finite N-graded k-algebra A

satisfies the condition (EF), then RI'y,(—) commutes with direct limits ([ , Lemma
2.17]). By using this property, it is proved that the local duality theorem holds for a
locally finite N-graded k-algebra A satisfying the condition (EF) ([ , Theorem 2.18]).
In additon, we can show that Ry, , (M) = 0 for all i > 0 and a graded torsion right
A-module M by also using [ , Proposition 3.1 (5)] (cf. | , Lemma 5.10], | ,
Lemma 4.4])

Definition 2.8 (cf. | , Definitions 6.1 and 6.2], | , Definitions 3.3 and 4.1]).

Let A be a noetherian locally finite N-graded k-algebra. A dualizing complex for A is a
complex R € D(Gr(A®")) such that

(1) R has finite injective dimension over A and A°P,
(2) the cohomologies of R are finitely generated as both right and left A-modules,
(3) the natural morphisms A — RHomyu(R, R) and A°? — R Hom op (R, R) are iso-
morphisms in D(Gr(A®")).
R is called balanced if RT'y,(R) ~ A’ and Ry ,op (R) =~ A" in D(Gr(A®)).

Theorem 2.9 (cf. | , Theorem 6.3]). A noetherian locally finite N-graded k-algebra
A has a balanced dualizing complex if and only if

(1) A satisfies the x-condition and x°P-condition,

(2) T'wm, and ' o, have finite cohomologial dimension.
/

In this case, the balanced dualizing complex R4 is given by Ry = RI'y, (A)".

Proof. In | |, the author proved the existence of a balanced dualizing complex for a
noetherian connected graded k-algebra. However, one can check that the proof works for
a noetherian locally finite N-graded k-algebra as stated in | , Proof of Lemma 3.5].
In particular, Ext-finiteness of a connected graded k-algebra is replaced by the condition
(EF) for a locally finite N-graded k-algebra. See also | ] or [ |. To be sure,
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we provide further details below. In [ , Theorem 4.2 (3)], the authors proved the
conditions (1) and (2) from the existence of a balanced dualizing complex for a connected
graded k-algebra. In their proof, the key theorem is | , Theorem 4.18]. The proof
of | , Theorem 4.18] works for a locally finite N-graded k-algebra and we can prove
the conditions (1) and (2) from the existence of a balanced dualizing complex for a locally
finite N-graded k-algebra in the same way. O

For an abelian category C, the global dimension gl.dim(C) of C is the maximal integer
n such that there exist X,Y € C with Ext™(X,Y) # 0.

In the same way as in Theorem 2.9, we can prove | , Theorem A.4] for a noe-
therian locally finite N-graded k-algebra (see also | , Proof of Theorem 4.12]).
Theorem 2.10 (cf. | , Theorem A.4]). Let A be a noetherian locally finite N-

graded k-algebra. We assume that A has a balanced dualizing complex R4 and the global
dimension of qgr(A) is finite. Then, the functor

Sa: D’(agr(4)) — D*(agr(A)),
TA(M) = (M @Y% Ra)[—1]
is the Serre functor for D®(qgr(A)).

An algebraic triple consists of a k-linear category C, an object O € C and a k-linear auto
equivalence s of C. In this case, we also say that (O, s) is an algebraic pair for C. For two
algebraic triples (C, O, s), (C’, 0, "), a morphism of algebraic triples (F,0, u) : (C,0,s) —
(C', 0, ") consists of a k-linear functor F' : C — C', an isomorphism 0 : F(O) — O’ and a
natural isomorphism p : Flos — s’ o F. We say that (F,0, u) is an isomorphism if F is an
equivalence of categories. For an algebraic triple (C, O, s), we define a Z-graded k-algebra
B(C,0,s) by

B(C,0,s) := @) Home (0, s"(0)).
nez

In this paper, the main example of algebraic triples is (qgr(A4),Oa,(1)4), where A is
a noetherian locally finite N-graded k-algebra, O4 = m4(A) and (1)4 is the degree shift
functor.

Definition 2.11 (| , Definition 3.3, 3.4]). Let C be an abelian category. A bimodule
M over C is an adjoint pair of functors from C to itself with suggestive notation

M = (- ® M,Hom(M, —)).

A bimodule M is called invertible if — ® M is an equivalence of C. An invertible bimod-
ule M is called a canonical bimodule for C if there exists n € Z such that the induced
autoequivalence — ® M|n] of D?(C) is a Serre functor for D’(C). We denote the canonical
bimodule by Kc. When C = qgr(A) for a noetherian locally finite N-graded k-algebra A,
we often write the canonical bimodule simply by K4.

Remark 2.12 (See also | , Remark 3.5]). If C has a canonical bimodule and — ® K¢[n|
is the Serre functor for D°(C), then gl. dim(C) = n < co.

In our study, we need to consider noncommutative projective schemes associated to
N2-graded algebras. Let C' := @MZO C;; be an N2-graded k-algebra. We introduce
notions related to N2-graded algebras and noncommutative projective schemes associated
to N2-graded algebras following [ ]. C is called connected if Coo = k. C is called
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locally finite if C;; is a finite-dimensional k-vector space for all ¢,7 € N. We denote
by BiGr(C) the category of Z2?-graded right C-modules. We often say graded for Z-
graded and bigraded for Z2-graded. Let M € BiGr(C). We denote by C°P the opposite
algebra of C' and define the enveloping algebra C°" = C ®; C°P. For ni,ne € Z, we
define the truncation M>y, >n, (respectively, M<n, <ny) by M>n,>n; = @ispy jon, Mij
(respectively, M<p, <n, = ®i§n1,j§n2 M; ;) and the shift M(nq,n2) by M(ni,n2);; =
Mitny jns-

Our main example of N2-graded k-algebras is the tensor product A ®;, B of two locally
finite N-graded k-algebras A, B. Note that when A, B are noetherian locally finite N-
graded k-algebras, then in general, A ®; B is not noetherian, but only finitely generated
as a k-algebra (cf. [ , Remark 15.1.30]). We have a canonical way to produce graded
A-modules and graded B-modules from a bigraded A ®j; B-module: For fixed u,v € Z,

(—)ew : BiGr(A &y B) = Gr(4), M M., :=EP My,
1€EN
(—)uy : BiGr(A @y B) = Gr(B), M — My, =) M.,
JEN
Notice that the forgetful functors U4, Up also induces the functors Uy, Up from BiGr(A®j
B) to Gr(A), Gr(B), respectively:

Ua : BiGr(A®; B) = Gr(A), M~ Ua(M) := P My,
UEZ

Up : BiGr(A®; B) = Gr(B), M v Up(M) := P M.,.
VEZL

If A, B are finitely generated, then we also have functors:

Qs : BiGr(A @ B) = BiGr(A®y, B), M — Qu(M) := P Qa(M.,),
VEZL
Q' : BiGr(A @ B) = BiGr(A®y, B), M Qp(M) =D Qp(M,,.).
UEL
Note that for a bigraded module M, we have the following isomorphisms of graded A-
modules and graded B-modules (] , Lemma 3.17]):

QM) ~QaoUa(M), Qp(M)=QpoUp(M).

In particular, Q4 o Us(M) and Qp o Ug(M) have bigraded A ®; B-module structures. A
similar argument holds for 74 and 7p.

Let A, B be finitely generated locally finite N-graded k-algebras and M be a bigraded
A ®p B-module. Then, m € M is called torsion if there exist ni,ne € Z such that
m(A ®p B)>ny >n, = 0. We call M € BiGr(A ® B) a torsion module if every element of
M is torsion. We denote by Tor(A ® B) the full subcategory of BiGr(A ®y B) consisting
of torsion modules.

Lemma 2.13 (cf. | , Lemma 3.19]). Tor(A®y B) is a Serre subcategory of BiGr(A®y,
B).
Proof. In | , Lemma 3.19], the author proved the lemma for connected N2-graded

k-algebras. We can prove the lemma for locally finite N?-graded k-algebras by the same
argument. O
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We denote by QBiGr(A ® B) the quotient category of BiGr(A ®y B) by Tor(A ®4 B).
We also denote by mag, p the projection functor and wag, p the right adjoint of mag, B.
We also denote the composition Qag, B := WAg,B © TAg,B-

3. FOURIER-MUKAI FUNCTORS IN NONCOMMUTATIVE PROJECTIVE GEOMETRY

Let A be an N-graded k-algebra. We denote by Cqg(Gr(A)) the dg category of complexes
of graded right A-modules. We associate to a Z-graded k-algebra A the category A with
objects the integers Z and morphisms given by Homy(4,j) = A;j—;. We naturally regard
A as a dg category. Then, we have an equivalence of dg categories

Cag(Gr(4)) ~ dgMod(A)

from | , Lemma 3.50]. A similar argument holds for the Z?-graded case. Let M €
Gr(A) and N € Gr(A°P). If we think of M, N as right and left dg .A-modules by using
the above equivalence, respectively, then the tensor product M ®4 N of dg modules is
the same as the Z-algebra tensor product (see also | , Section 4.1]). In this case, we
denote by Mod(.A) the abelian category of right .A-modules. We also denote by Tor(.A) the
full subcategory of Mod(.A) consisting of torsion modules. Tor(.A) is a Serre subcategory
of Mod(.A) and we denote by QMod(.A) the quotient category of Mod(.A) by Tor(A). It is
known that Gr(A), Tor(A) and QGr(A) are equivalent to Mod(A), Tor(A) and QMod(A),
respectively ([ , Page 885, 886] or | , Lemma 2.17]). We also note that we have
the equivalence

D(QGr(A)) =~ D(A)/Dror(A),

where Do (A) C  D(A) is the full subcategory consisting of the objects
whose cohomologies are in Tor(A) ([ , Lemma 7.2]). Let Dg(QGr(A)) :=
Cag(QGr(A))/ Acyqg(QGr(A)), where Acyqs(QGr(A)) is the dg subcategory of acyclic
complexes in Cqe(QGr(A)). Then, we have the quasi-equivalences of dg categories

Dqg(QGr(A)) ~ Dag(A)/Dror,ag(A),

where Do ag(A) is the dg subcategory of Dge(A) consisting of the objects whose co-
homologies are in Tor(.A). We define Perfys(QGr(A)) to be the full dg subcategory of
Dag(QGr(A)) consisting of the compact objects in H?(Dqg(QGr(A))).

Definition 3.1 (] , Definition A.1], | , Definition 9.4]). Let C be a k-linear exact
category. Let {P;}icz be a sequence of objects in C. Then, the sequence {P;};cz is called

BO (Bondal-Orlov)-ample if there exists an exact embedding C C C’ in an abelian category
C’ such that

(1) a morphism in C is an admissible epimorphism if and only if it is an epimorphism
in C' (we call this condition (EPI)),
(2) for every M € (', there exists ng such that for all n < ng, the following hold:
(a) there is an epimorphism PP — M for some m,, € N,
(b) Extf (Py, M) =0 for all i > 0,
(c) Homer (M, Py,) = 0.
(

Let Dgg(BiGr(A° ® B)) be a dg enhancement of D(QBiGr(A ®; B)). The following
theorem is essential for our study.
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Theorem 3.2 (cf. | , Theorem 4.15]). Let A, B be noetherian locally finite N-graded
k-algebras. If A, B have balanced dualizing complexes, then we have an equivalence of dg
categories

Dag(QBiGr(A®? @4 B)) — RHom,(Dag(QGr(A)), Dag(QGr(B))),
£ 0(—) == mp(Rwa(—) ®Y Rwaore,5(E)),
where RHom . denotes the dg category formed by the direct sums preserving quasi-functors.

Proof. In | ], the author proved the theorem for noetherian connected graded k-
algebras. However, the same proof works for noetherian locally finite N-graded k-algebras.
This situation is exactly the same as in the proof of Theorem 2.9. ([l

Remark 3.3. For noetherian locally finite N-graded k-algebras A, B, the condition that
A, B have balanced dualizing complexes is the same as the condition that the pair (A, B)
is a delightful couple in the sense of | ].

Notation 3.4. Let A, B be as in Theorem 3.2. We denote by ®¢ the associated (Fourier-
Mukai) functor between D(QGr(A)) and D(QGr(B)).

Let A be a right noetherian locally finite N-graded k-algebra. Then, we have the
following diagram:

D*(loc(qgr(4))) —— D’(qgr(4)) Perf(QGr(4))

[ [

DY) (QGI(A)) = D(QGr(A)) +— D(QGr(A))",

qgr

where loc(qgr(A)) := Perf(QGr(A)) Nqgr(A) C qgr(A) is an exact category, the vertical
arrows are equivalences (| , Lemma 4.3.3], Example 2.2), the horizontal arrows iy, io
in the bottom row are fully faithful and ¢ : D?(loc(qgr(A))) — DP(qgr(A)) is a natural
functor. Note that if gl. dim(QGr(A)) < oo, then we have an equivalence D°(qgr(A)) ~
Perf(QGr(A)) ([ , Lemma 4.3.2]).

Remark 3.5. In | |, the authors proved [ , Lemma 4.3.2, Lemma 4.3.3] and
[ , Lemma 4.2.2] (we use this lemma below) only for connected graded k-algebras.
However, the same proofs work for locally finite N-graded k-algebras because we can use
the results in Remark 2.7.

The following lemma is basic.

Lemma 3.6. Let A be a right noetherian locally finite N-graded k-algebra. Then, we have
the following.

(1) v : Db(loc(qgr(A))) — Db(qgr(A)) is fully faithful.
(2) Db(loc(qgr(A))) is equivalent to Perf(QGr(A)).
Proof. (1) From | , Remark 9.5], it is enough to show that

(a) (EPI) holds in loc(qgr(A4)) C qgr(A) and
(b) for any M € qgr(A), there exists an epimorphism & — M for some £ €
loc(qgr(A)).
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Let &£,& € loc(qgr(A)). Let f : & — & be an epimorphism in qgr(A). Then,
Ker(f)[1] ~ Cone(f) in D(QGr(A)). Since D(QGr(A))¢ is a full triangulated subcate-
gory of D(QGr(A)), we have Ker(f) € D(QGr(A))¢. This means that (a) holds. (b)
follows from the fact O 4(n) is a compact object for any n € Z and [ , Proposition 4.4
(M)

(2) Let Fi= (- =0 F*— - = F - 0= ---) € D’(loc(qgr(A))), where
a <band F* FP #0. Let 05 F := (--- = 0 — F+tl — F+2 5 ...) be the i-th stupid
truncation of F. Then, we have a distinguished triangle

OsqF = F = F* = 054 F|1].

So, if 05, F € D(QGr(A))¢, then F € Perf(QGr(A)). By induction, we have any
F € Db(loc(qgr(A))) is compact in D(QGr(A)). In particular, i; o ¢ factors through
D(QGH(A))".

From (1), it is enough to show that i; ov : D?(loc(qgr(A))) — D(QGr(A))¢ is essentially
surjective. To prove this, we use the idea of the proof of | , Lemma 36.37.1]. Firstly,
by | , Lemma 4.2.2], we have D(QGr(A))¢ = (Oa(n))nez, i-e., D(QGr(A))° is classi-
cally generated by {O4(n)}nez. So, D(QGr(A))¢ can be thought as a full triangulated sub-
category of D’(qgr(A)). Let F=(-++ =0 —= F?— ... - F* 50— ---) € D(QGr(A))¢,
where a < b and F¢, F°* # 0. We prove that there exists & € D’(loc(qgr(4))) and a
quasi-isomorphism & — F by induction on b — a. When b — a = 0, the claim is clear.
Assume that the claim holds for b — a < n. There exists an epimorphism £ — F? for
some £ € loc(qgr(A)) by the fact O4(n) € loc(qgr(A)) and | , Proposition 4.4 (1)].
Then, we have a morphism « : £?[—b] — F of chain complexes of objects in qgr(A) and a
distinguished triangle

E®[~b] — F — Cone(a)

in D(QGr(A)). By taking the long exact sequence, it is shown that H?(Cone(a)) # 0
implies i € [a,b—1]. Considering appropriate standard truncations, we have Cone(«) ~ &’
for some & = (-++ - 0 = & — ... - &% 50— ...) € D%qgr(A)). From the
induction hypothesis, we also have an quasi-isomorphism S : £’ — Cone(«) for some
£" € D*(loc(qgr(A))). Finally, we put £ := £” @ £Y[—b] and the natural morphism & — F
is a quasi-isomorphism. This completes the proof. ]

We recall the notion of quasi-Veronese algebras to construct a sequence of objects in
loc(qgr(A)) which is BO-ample.

Definition 3.7 (] , Definition 3.7]). Let A be an N-graded k-algebra and r € N. We
define the r-th quasi- Veronese algebra A"l of A by
Ari Arivr 0 Aripi
A =D Ar.z'—l A.r‘i AMTLZ_Q
€N :
Apiciyr Avicip2 0 Apge

We recall basic properties of quasi-Veronese algebras.

Lemma 3.8 (| , Lemma 3.9], | , Remark 3.19, Lemma 3.20]). Let A be an
N-graded k-algebra. Then, we have the following.
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(1) the functor

r—1
qV : Gr(A) — Gr <AM) , Mw— @ @Mri—j

i€Z \ j=0

is an equivalence. In particular, qV(@;:g A(i)) = Al

(2) if A is right noetherian, then Al s also right noetherian. Moreover, the equiva-
lence in (1) gives an equivalence of categories between qgr(A) and qgr (AM).

(3) If A is finitely generated as an Ag-algebra, then for large enough r € N, Al'l js

generated by A:[lr] as an Ag]—algebm.

We construct a sequence of objects in loc(qgr(A)) which is BO-ample in the following
lemma.

Lemma 3.9. Let A be a right noetherian locally finite N-graded k-algebra. If A satisfies
the x-condition and R'T'y ,(A) is a finite A-module, then for large enough r € N, the
sequence {@I—5 Oa(i + 1)} ez is BO-ample in loc(qgr(A)).

Proof. We verify the conditions (1), (2) in Definition 3.1. We have already shown that
(EPI) holds in loc(qgr(A)) in the proof of (1) of Lemma 3.06.
Regarding (a) of (2), for any M € qgr(A), there exists an epimorphism
P
Y @ Oa(-1)*" - M
i=1
for some l;,n; € N. On the other hand, if r is large enough, then A" is generated by A[lr]
as an Ag]—algebra by Lemma 3.8 (3). So, we have an surjective morphism Al"l(—1)®" —
(A[T])>O for some n € N in Gr (Al'). If we put O4(i) = 74 (Al)(3)), then we have an
epimorphism
O A(—l)@n — Oy
in qgr (Al). We also put L; = @;;é O4(j +ir). Then, qV(L;) = O (i) from Lemma 3.3
(1). So, we have an epimorphism ¢ : LY} — Lo from Lemma 3.8 (2). Here, ¢ induces an
epimorpshim
P
WP LE - M
i=1
for some k; € N. Thus, by using ¢ and the degree shift functor, we also have an epimor-
phism LGEZ/ — M for some k,n’ € N. Moreover, for any n” < n’, we have an epimorphism

LQ_BZ,” — M for some k' € N by using ¢ and the degree shift functor again. Hence, (a)
holds.

(b) follows from the assumption A satisfies the y-condition and the noncommutative
Serre vanishing theorem | , Theorem 7.4].

Regarding (c), for any M € qgr(A), we have an epimorphism f : LGEZ —» M for some
k,n € N and the long exact sequence

0 — Homgg(4) (M, L) = Hom gge(a)(L—, L) ™" — Hom gy a)(Ker(f), L) — - --

for any I € Z. So, it is enough to show that H°(qgr(A), L;) = @;:& H(qgr(A),0a(i +
rl)) =0 for [ < 0. Here, we have the canonical exact sequence

0= T, (A) = A= Q(A) = R!Tyy, (4) — 0. (%)
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Note that Q(A) ~ P, , Hom(Oa, O4(i)). Since A satisfies the y-condition, R'Ty, (A)
is right bounded (] , Proposition 3.14]). Moreover, from the assumption, R'T'y , (A)
is a finite A-module, so R!'T'y,(A) is also left bounded. This implies that Q(A) is left
bounded and H(qgr(A),04(i)) = 0 for i < 0. Hence, H°(qgr(A), L;) = 0 for | < 0. This
completes the proof.

O

We are now ready to prove the main theorem about Fourier-Mukai functors in noncom-
mutative projective geometry.

Theorem 3.10. Let A, B be noetherian locally finite N-graded k-algebras. We assume
that A, B have balanced dualizing complexes. Let F : Perf(QGr(A)) — D(QGr(B)) be an
exact fully faithful functor. Then, there exists an object € € D(QBiGr(A°P @y B)) such
that

(1) ®¢ is exact fully faithful and ®g(P) ~ F(P) for any P € Perf(QGr(A)).

(2) If F sends a perfect complex to a perfect complex, then the induced functor ®g :
D(QGr(A)) — D(QGr(B)) is fully faithful and ®¢ sends a perfect complex to a
perfect complex.

(3) If R'Ty, (A) is a finite A-module, then F ~ ®¢. Moreover, if ®¢ ~ ®g/ for some
&' € D(QBIGr(A° ®y B)), then & ~ &'.

Proof. Thanks to proving Lemma 3.6 and Lemma 3.9, the proof is similar to the proof of
[ , Corollary 9.13]. We give a sketch of the proof for the reader’s convenience.
Step 1: Construction of £.

Here, we describe how to construct £. Firstly, note that we have D(QGr(A)) ~
D(A)/Dro:(A) and Perf(QGr(A)) =~ (D(A)/Dror(A))¢. We also have quasi-equivalences
([ , Proposition 1.17])
b4 : Dag(QGr(A)) = SF(Perfqg(QGr(A))), ¢p5 : Dag(QGr(B)) = SF(Perfa,(QGr(B))).

(1)
We denote C by the full dg subcategory of Perfq, (QGr(B)) which consists of the objects in
the essential image of H%(¢p) o F. Then, the functor H%(¢p) o F induces an equivalence
G : Perf(QGr(A)) — H°(C).
By [ , Theorem 6.4], we have a quasi-equivalnce

G : Perfa,(QGr(A)) — C.

This functor induces a quasi-equivalence

G" : SF(Perfys(QGr(A))) — SF(C).
Let D be a dg subcategory of SF(C) that contains C and Perfy,(QGr(B)). We denote by
I :C =D, Iy:Perfgs(QGr(B)) — D
the embedding functors. Then, we have the extension and the restriction functors
IT : SF(C) — SF(D), Iy, :SF(D) — SF(Perfy,(QGr(B))),

respectively. The functors HO(I%), HO(I5,) and H9(G*) commute with direct sums. Here,
we define a quasi-functor

F:=¢zl oy, oIf 0 G* 0 ¢4 : Dag(QGr(A)) — Dag(QGr(B)).
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This functor commutes with direct sums. Thus, there exists an object £ € D(QGr(A°P ®y
B)) such that @gg ~ F by Theorem 3.2.
Step 2: Proof of (1), (2) and (3).

(1) Because (I2,017)|c is isomorphic to the inclusion functor C < SF(Perfy, (QGr(B))),
Delpert(Qar(a)) is fully faithful. By | , Theorem 6.4 (3)], we have an isomorphism
HY(G)(M) ~ G(M) for any M € Perf(QGr(A)). Thus, ®¢(M) ~ F(M) for any M €
Perf(QGr(A)).

(2) If F sends a perfect complex to a perfect complex, then we can take D as
SF(Perfy(QGr(B))). In this case, Ip, is the identity and I is fully faithful (] ,
Proposition 1.15]). This implies the assertion.

(3) From | , (2) of Theorem 6.4], we have an isomorphism of functors

GZHO(G)OT(OYA—)GOTFOYA,

where the compositions of the above functors given by the following diagram:

A YA DAY~y D(AY/ Dror(A)* —— (D(A)/Dror(A))° 4 pro(c).

Let j : {Li}iez — Perf(QGr(A)) be the inclusion functor, where L; is as in the proof of
Lemma 3.9. Note that we think of {L;};cz as a full subcategory of loc(qgr(A)) and use
Lemma 3.6. Then, we have an isomorphism of functors j ~ G o H%(G) o j. Since {Li}iez
is BO-ample in loc(qgr(A)) from Lemma 3.9, we have G o H)(G) ~ Idpere(Qar(a)) from
[ , Proposition 9.6]. This implies that ®¢ ~ F. The uniqueness of £ follows from
[ , Theorem 5.5]. O

Remark 3.11. In the proof of (3) of Theorem 3.10, to apply [ , Theorem 5.5], we only
use the assumption that F is fully faithful.

In the proof of Lemma 3.9, when we check the condition (c), if we only have H%(O4(i)) =
0 for ¢ < 0, then we can obtain the result of the lemma. In particular, we have the following
simple version of Theorem 3.10 in the same way as the proof of Theorem 3.10.

Proposition 3.12. Let A, B be noetherian locally finite N-graded k-algebras. We assume
that A, B have balanced dualizing complexes. Let Perf(QGr(A)) — D(QGr(B)) be an
exact fully faithful functor. We assume that H°(QGr(A),Oa(m)) =0, m < 0. Then, F
1s of Fourier-Mukai type and the kernels are unique up to quasi-isomorphism.

4. BONDAL-ORLOV’S RECONSTRUCTION THEOREM FOR NONCOMMUTATIVE PROJECTIVE
SCHEMES

Definition 4.1 (| , page 1151, 1155]). We define a functor R'Q
R'Q4 : D(BiGr(A ® B)) — D(BiGr(A @ B)),

M — R'Qa(M) := (DRQa(M.,).
VEZL

Similarly, we define a functor R4 by R'74(M) := @,y RTa(M, ).
We recall basic properties of RQ, R7, R'Q and R/7 in | ]. In the following, we

state the corresponding properties in the case of locally finite N-graded algebras. The
proofs are similar to the case of connected graded algebras.
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Lemma 4.2 (cf. | , Lemma 3.35, Proposition 3.36, Proposition 3.41]). Let A, B
be finitely generated locally finite N-graded k-algebras. Let M € D(Gr(A)) and P €
D(BiGr(A ®y, B)). Then, we have the following.

(1) We have distinguished triangles
Rra(M) =M — RQA(M) in D(Gr(A)),
R'74(P) P — R'Qa(P) in D(BiGr(A®y, B)),
R7ag,B(P) =P — RQag,5(P) in D(BiGr(A ® B)).

(2) If A satisfies (EF), then RQ4 and R14 commute with coproducts.
(3) If A, B satisfy (EF) and T4, Tp have finite cohomological dimension, then we have

RQae5(P) = (R'QaoR'Qp)(P) ~ (R'Qp o R'Qa)(P)
in D(BiGr(A ®; B)).
Remark 4.3. In | , Proposition 3.41], A, B are assumed to be right noetherian. How-

ever, only Ext-finiteness of A, B is used in the proof of | , Proposition 3.41]. So, we
replace the assumption by (EF) in Lemma 4.2.

The following lemma is a generalization of | , Proposition 3.32] in the bimodule
setting.

Lemma 4.4. Let A be a finitely generated locally finite N-graded k-algebras. P &
D(BiGr(A®y B)). If A satisfies (EF) and T4 has finite cohomological dimension, then we
have

(R'74 o R/74)(P) ~ R'm4(P),
(R'Qa o R'Q4)(P) 2 R'Qa(P)
in D(BiGr(A @y B)).
Proof. From the definition of R/74,

R'74(P) = DR7a(P.s).
VEZL

For a fibrant object P € BiGr(A ® B), it is shown that 74(P ) is T4-acyclic in | ,
Proposition 3.32]. This gives the first formula of the lemma. For the second formula, we
have the following triangles in D(BiGr(A ® B)) from (1) of Lemma 4.2:

(R'14 o R'74(P)) =R/'74(P) = (R'Qa 0o R/74)(P),
(R,QA o R/TA)(P) —>R,QA(P) — (R/QA o R/QA)(P).

Now, from the first formula of the lemma, (R'Q 4 o R'74)(P) is acyclic. Thus, we get the

second formula of the lemma. O
The following lemma is a generalization of | , Proposition 4.5] in the bimodule
setting.

Lemma 4.5. Let A, B, C be finitely generated locally finite N-graded k-algebras. Let M €
D(BiGr(B® @y A)) and N € D(BiGr(C @y B)). Assume that RQa and RTa commute
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with coproducts. Then, we have natural isomorphisms in D(BiGr(C°P ®j A))
R'7A(N @ M) ~ N @E R'ma(M),
R'Q(N @% M)~ N @& R'Qa(M),
where B is the dg category associated to B.

Proof. The proof is similar to the proof of | , Proposition 4.5]. However, for the sake
of completeness, we give a proof here. We only prove the second formula. Firstly, note
that N ®g M is calculated by using the bar complex

INRQEBREBREM — NQp By M — N QM — 0.
Here, N ®j B®" @, M is a dg C-A-bimodule defined by

(N @ B®" @ M), j = @ Ni iy @1 Blig,i1) ®p - - - @p Blin—1,in) @k M, j,
00, yin EZL

where B(i, j) := Homp(%, j) (i,j €Z) (cf. | , Section 6.6]). We show that we have a
natural morphism

n o N @y B @, (@ Q’A(RAM*,U))) — P QUN @k B¥" @), Ra(M..,))

VEZL VEZL
and this map is an isomorphism for any n € N. For simplicity, we put

P;j = Ra(M, ),
Vit o in = Niiy ®p Blio, i1) ®p -+ @ Blin—1,in).
Then, we have the following:

(N ® B @y, (@ Q/A(RA(M*,’U))>> =lim P Vi .. O Home(a)(Azn, P(in)),

VEZ T 49, in€Z

(EBQ%(N@B@”@;@RA(M*@))) = limHomg, () | Azn: €D Vip i @k Pi(in)

VEZ i 00, yin €L
So, the map

D Vio i @ Homgy(a)(Azn, P (in)) — Homey(a) | Asn, @ i @ Pi(in) |
0, " 7inEZ 10 ZneZ

n@bigi @b, i, @ fr> (a SN @by @ @b, 0 ® f(a))

defines the desired levelwise morphisms ¢,. The assumption that RQ 4 commutes with
coproducts implies each ¢,, is an isomorphism because Vlé in Ok Pj(zn) is Q a-acyclic (cf.
[ , Lemma 3.27]). O

The following lemma is a generalization of | , Proposition 3.42] in arbitrary graded
finite A and A°P-modules.

Lemma 4.6. Let A be a noetherian locally finite N-graded k-algebra. Let M € Gr(A®")
be a finitely generated graded right and left A-module. We assume that A has a balanced
dualizing complex. Then, we have quasi-isomorphisms in D(Gr(A®))

R'QA(M") ~ RQag, a0 (M) ~ R'Q 00 (M"),
where MP' is the bimodule defined by M := @zgeZ Mb1 = ®i,jez M;;.
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Proof. The proof is similar to the proof of [ , Proposition 3.42]. However, for the sake
of completeness, we give the proof here.

For symmetry, we only show the first quasi-isomorphism. For any N € BiGr(A®"), the
natural morphism

n:R'7400(N) = N
is a quasi-isomorphism if and only if the natural morphism
N © RTa0p (Nyx) = Ny

is a quasi-isomorphism for any u € Z. In addition, if the j-th cohomology of IV, . is right
bounded for each j, then 7, . is a quasi-isomorphism. We condier the case N = R/74(M biy,

Nuw = @ Rra (M2
u

v'EL
Then, we have the following isomorphism in D(BiGr(A®"))
H/(N,.) = P Ria (M:;,)u ~ DRIty (M),

v'EL V' EZ

In this case,

From | , Corollary 3.6 (3)] and the fact that 74 commutes with the degree shift, we
have

RITA(M(v'))y = RITA(M ) g = 0
for v/ > 0 (we use the assumption that M is finitely generated here). So,
R o0 (@ Rry (M) > — @ Rra (M)

VEL “ = “

is a quasi-isomorphism for any u. We have the distinguished triangle
R/740p R4 (M) = R4 (M) = R'Qaop R/ 74 (MP).
So, we also have RQ 400 R74(MP!) is acyclic. Finally, because we have the triangle
R/Q por (R'7A(MP) = R'QA(M") — R/Q 400 (R'Q4(M")),

we get the desired quasi-isomorphism. ]

The following lemma gives a formula for the kernel of the composition of Fourier-Mukai
functors.

Lemma 4.7. Let A, B, C be noetherian locally finite N-graded k-algebras. We assume that
A, B, C have balanced dualizing complezes. Let £ = Taovg, B(E) € D(QGr(A°® @y B)) and
F = mporg,c(F) € D(QGr (B ®;, C)), where E, F are objects in D(Gr(A°°® ®; B)) and
D(Gr(B? @y, C)), respectively. We set

G := Taowe,c(Rwaorg, B(E) ©F Rwperg,c(F)) € D(QBiGr(A% ®j, C)).
Then, we have a natural isomorphism

‘IDJ:O(I)g Zq)g.
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Proof. We have the claim by the following calculation:
(®r 0 Dg)(—) =~ 7o(RQp(Rwa(—) @% Rwacre, 5(€)) ©F Rwporg,o(F))
(Rwa(—) @% R'QpRwaorg, B(E)) ®F Rwpore,o(F))
(—) 94 R'QBR'QBR'QA(E)) ©f Rwpore,o(F))
c((Rwa(-) @4 R'QpR'QA(E)) ©F Rwpors,c(F))
(—) % Rwaorg, 5(E)) ®F Rwporg,c(F))

| l

12
)

c((Rwa

12
)

el
(
(
~ o ((Rwa
(
(

~ mo(Rwa(—) @4 (Rwaors,5(E) ©F Rwporg,o(F)))
~ me(Rwa(—) @Y% Rwaorg,c(Tacre,c(Rwawe, 5(€) @ Rwperg,c(F))))
~ Og(—).

The second isomorphism is obtained by using Lemma 4.5. The third and fifth isomor-

phisms are obtained by using (3) of Lemma 4.2. The fourth isomorphism is obtained by
using Lemma 4.4. The sixth isomorphism is obtained by using the associativity of tensor
products. The seventh isomorphism is obtained by using (3) of Lemma 4.2, Lemma 4.4
and Lemma 4.5 repeatedly. g

Lemma 4.8. Let A be a noetherian locally finite N-graded k-algebra. We assume that
A has a balanced dualizing complex, qgr(A) has a canonical bimodule K4 and the globel
dimension n of qgr(A) is larger than 0. Then, Ry, (A) is a finite A-module.

Proof. We calculate H%(qgr(A), Oa(m)) as follows:
Ho(qgr(A)a OA(m)) = Homqgr(A (OAa OA( ))
= Homqgr(A (O ( [TL])
= Homqgr(A (OA ( m)[n])
= H"(qgr(A), Ka(=m)),

where we simply write K4 for O4 ® K4. So, from the noncommutative Serre vanishing

theorem | , Theorem 7.4], we have H°(qgr(A), O4(m)) = 0 for m < 0. This induces
that RTy, (A) is a finite A-module from (*). O
Remark 4.9. From this lemma, we can apply Theorem 3.10 (and Proposition 3.12) in our
setting.

The following proposition is a generalization of | , Corollary 5.21] in noncommu-

tative projective geometry.

Proposition 4.10. Let A, B be noetherian locally finite N-graded k-algebras. We as-
sume that A, B have balanced dualizing complezes. We assume that qgr(A), qgr(B) have
canonical bimodules K4, Kp, respectively.

Then,

D"(qgr(A)) ~ D*(qer(B)) = gl. dim(qgr(A)) = gl. dim(qgr(B)).

Proof. For simplicity, we set n = gl.dim(qgr(A)) and m = gl.dim(qgr(B)). Let F :
D%(qgr(A)) — D(qgr(B)) be an equivalence. Then, from (3) of Theorem 3.10, we have
F ~ ®&x for some F € D(QGr(A°°? ®; B)) and F is unique up to quasi-isomorphism.
Let G : Db(qgr(B)) — D’(qgr(A)) be the quasi-inverse of F. Then, G ~ ®¢ for some
G € D(QGr(B°®» ®; A)) and G is unique up to quasi-isomorphism. Note that when
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n = 0 or m = 0, (3) of Theorem 3.10 cannot be applied to at least one of F' and G.
However, because we have an equivalence between Dgg(qgr(A)) and Dgg(qgr(B)) from
the uniqueness of dg enhancements and obtain an equivalence between Dg,(QGr(A)) and
D4g(QGr(B)) from (), so we can also take Fourier-Mukai functors as an equivalence
F : D(qgr(A)) — DP(qgr(B)) and a quasi-inverse G' of F (cf. | , Corollary 4.18]).

Then, G is a left adjoint of F'. Moreover, H := S pb(qar(4)) oGoSl_)i(qgr(B)) is a right adjoint

of F ([ , Remark 3.31]), where Spo(ggr(a)) (resp. Spr(ger(p))) is the Serre functor
of Db(qgr(A)) (resp. DY(qgr(B))). Thus, we have G ~ H. In addtition, S Db (qgr(A))
and Spb(qer(p)) are given by — @ my (H=+D(R4)) [n] and — @ mp (H~™F(Rp)) [m],
respectively by our assumption. So, we have

S Db (qgr(4)) = (PWAen (H—(n+1)(RZi))[n]a

SDb(age(B)) = (I)WBen(H—(m-H)(R%i)) [m],
where RY' and RY are the associated objects of R4 and Rp in D(BiGr(A ®; A°P)) and
D(BiGr(B ®;, B°P)), respectively. From Lemma 4.7, the kernel £&” of G o S}t is

Db(qgr(B))
given by

E" = T Az, Bor (RQpovg, 5 (H™ "V (REYY) @k Rwag, gor (E7))[—m),
where (—)Y = Homp(—, B). By using Lemma 4.7 again, the kernel £” of H is given by
" = mag, por (Rwag,por (£") @4 RQ aovg, a(H ™"V (RY)))[n).
For simplicity, we put M4 = H- "D (R,) and Mp = H-(™+t1)(Rp). By using Lemma 4.2,
Lemma 4.4, Lemma 4.5 and Lemma 4.6 repeatedly, we arrange £ as follows:
E" = mag,por (RQ agy5or (RQpov, 5 (MBY) ©F Rwag, por (€)) @ RQaovg, 4(ME))[n — m]
= Tag,Br (R'Qpor o RQpore, ) (M) @ (R'Qa 0 Rwporg, 4)(€') @5 RQaovg, a(M}))[n — m]
= TagyBor (RQBovs, B(MB ") ©F Rwpore, 4 (€') @ RQaove,a(MR))[n — m]
= Tagy,por (R'Qpor (MB) ©F Rwpors, a(€') @4 R'Qa(MY))[n — m]
= Tag, o0 (R'Qpor (MPY @ Rwperg,a(E) @4 R'Qa(MY)))[n — m]
= Tagpnor (R'Qpor o R'Q4)(MPY @ Rwperg, 4 (') @4 R'Qa(MY)))[n — m]
= (TamBor © RQag,or)(MEY @F Rwporg, a(E') @5 MY)[n —m]
= Tag,Bov (MPY @F Rwpore, a(E') &% ME)[n — m]
= Tag,Bov (MBY ©p Rwporg, a(E) @4 MY)[n — m].
From (3) of Theorem 3.10 (see also Remark 3.11), we have an quasi-isomorphism
T Agy,Bov (Rwporg, A (') =~ Taw, Bov (MBY @5 Rwpore, A(E') @4 M3)[n —m]

in D(QGr(A ®g B°P)). This induces n = m. O

Definition 4.11. Let A be a noetherian locally finite N-graded k-algebra. We assume
that qgr(A) has a canonical bimodule 4. We define the canonical graded k-algebra
Rean(qgr(A)) of Aby Rean(qgr(A)) = B(qgr(A), O, —®K 4). We define the anti-canonical
graded k-algebra Ranti-can(qgr(A)), similarly.

The following proposition is a generalization of | , proposition 6.1] in the noncom-
mutative setting.
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Proposition 4.12. Let A, B be noetherian locally finite N-graded k-algebras. We as-
sume that A, B have balanced dualizing complezes. We assume that qgr(A),qgr(B) have
canonical bimodules K4, Kp. Then,

Rean(qgr(A)) ~ Rean(qgr(B)),

b ~ DY(qer
D*(qgr(4)) ~ D*(qgr(B)) = Ranti-can(agr(A)) =~ Ranti-can(agr(B))

as graded k-algebras.

Proof. We only show the isomorphism of canonical graded k-algebras.
Step 1. Let F : D%(qgr(A)) — D’(qgr(B)) be an equivalence. Then, from (3) of The-
orem 3.10, we have F' ~ &z for some F € D(QGr(A°® ®; B)) and F is unique up to
quasi-isomorphism. Let G : D%(qgr(B)) — D’(qgr(A)) be the quasi-inverse of F. Then,
G ~ &g for some G € D(QGr(B°P? ®; A)) and G is unique up to quasi-isomorphism. Note
that when n = 0 or m = 0, (3) of Theorem 3.10 cannot be applied to at least one of F
and G. However, because we have an equivalence between Dgg (qgr(A)) and Dgg(qgr(B))
from the uniqueness of dg enhancements and obtain an equivalence between Dg,(QGr(A))
and Dqg(QGr(B)) from (1), so we can also take Fourier-Mukai functors as an equivalence
F : D%(qgr(A)) — D%(qgr(B)) and a quasi-inverse G of F (cf. | , Corollary 4.18]).
Because A% @ B ~ A% @y (B°P)°P and B°P? ®;, A ~ B°P ®; (A°P)°P, F,G determine
the functors

o' : D*(qgr(B)) — D"(qgr(A)),
g : D°(qgr(AP)) — D°(qgr(BP)).
We show that ®’- and &g are equivalences. We consider the kernel £ of the functor
®’z 0 @;. By using Lemma 4.7, we have
g = WAOP@kA(RWBOp®k(Aop)Op (g) ®%op R(UAop®k(Bop)op (.F)) € D(QGI'(AOP ®k A))

So, to prove that ®’- o <I>b is the identity functor, it is enough to show that

€ 2 T porgy A(Rwaorg, 5(F) ®p Rwpore, 4(G)). ()

because the right hand side of this isomorphism is quasi-isomorphic to m4opg, A(AP) by
the uniqueness of Fourier-Mukai kernels. The isomorphism () follows from the following
sub-lemma.

Sub-Lemma 4.13. Let A, B and C be dg categories. Let M be a dg A-B-bimodule and N
be a dg B-C-bimodule. Then, we have a natural isomorphism of dg A-C-bimodules

M®BN2N®BDpM.

Proof of Sub-Lemma /.13. Note that for any a € A,c € C, (M ®p N)(a,c) is given by

beB
(M@BN)(G,C): M(a,b) (g8 N(b,C).

So, the claim is proved by the following coend calculation:

beB
(M ®p N)(a,c) = M(a,b) ® N(b,c)

beBer
~ / N(b,¢) @1 M(a,b) = (N @gor M)(a,c).



22 YUKI MIZUNO

In the same way, we can show that <I>’g o @’ is isomorphic to the identity functor. Thus,
®’- and @ are equivalences.
Step 2. Let H := Rwaorg, B(F) @ Rw(gop)opg, por(G). Then, H defines the functor
®4, : D(QBiGr(A @, A°P)) — D(QBiGr(B ®; B°P)),
®3(—) = Tpepor (Rwag, acr (=) ©hg aer H)-
This functor is an equivalence since ®r and CI"g are equivalences (in detail, see Re-
mark 41.15).
As in the proof of Proposition 4.10, we put My = H-™tD(R,) and Mp =

H-(m*D(Rp), where n,m are the global dimensions of qgr(A),qgr(B). We also put
M, = By (7 agya00 (MG'P)). Then, we show that

O, 1 D(QGr(B)) = D(QGr(B))
induces the functor
Oy, : D’(qgr(B)) = D*(qgr(B)).

and ® 4, is an equivalence. To see this, we prove that M); is quasi-isomorphic to the kernel
of the composition of the following functors:

<I>WA®kAop (Mfl bi)

D¥(qgr(B)) —2 Db(qgr(A)) Db(qgr(A)) —Z= D(qgr(B)).

Here, we need the following sub-lemma.
Sub-Lemma 4.14. Let A, B be dg categories. Let L be a dg A-A-bimodule, M be a dg
A-B-bimodule and N be a dg A°P-B°P-bimodule. Then, we have a natural isomorphism of
dg B-B-bimodules
L ® gen (M@kN) ~ N ®4g (L@AM).
Proof of Sub-Lemma /.1/. This is proved by the following coend calculation:
(a,a’)e A®.A°P
(L @aen (M 25, N))(b, V) = / L(d', a) @x (M(a, b) @5 N(d', b))
(a,a")eA®A
~ | N(@ ) @ (L{a'. @) @4 M(a, b))
adeA pacA
= [ [N e 1) 90 (ah)
a'eA acA
~ / N, ¥) @ / L(d, a) ®% M(a,b)
a’eA
= [N ) s T eaany
= (N ®@a (L@ M))D,V).

At the third equality, we use Fubini theorem ([ , Proposition 3.12], | , Proposi-
tion 2.17]). At the fourth equality, we use | , Proposition 2.15]. O



NC BONDAL-ORLOV’S RECONSTRUCTION THEOREM 23

We see that the kernel of ®x o ¢ (M5iety © ®¢ is isomorphic to M;. Actually,
A

TA®) AOP
from Lemma 4.4, Lemma 4.5, Lemma 4.7 and Sub-Lemma 4.14, we have

(the kernel of ®r o (I>7rA®kAop (Mgivi) © <I>g>

~ 7gen (RQ Bor gy A (Rwporg, 4(G) @ RQaen (ME'™)) @ Rwaors, 5(F))
~ 1 gen (Rwporg, 4(G) % RQaen (M) @Y Rwaore, 5(F))

~ Ml-

o~ Sl ; b
Note that q)ﬂA@kAop(M%zbl) ~ S8 [—In], where Sy is the Serre functor of D”(qgr(A4)). So,

since Serre functors commute with equivalences, we have ®q, ~ Sp[—In]. Moreover,
by Proposition 4.10 and the uniqueness of Fourier-Mukai kernels ((3) of Theorem 3.10),
we have M; ~ mpg, oo (M5'"). Thus, for all I € Z, we have ®gy(mag,a00 (MG'P)) =~
TRy Bor (M),
Step 3. Since @4 is an equivalence, we have
HomD(QBiGr(A@,kAop))(7rA®kAop (Mj?l1 bi), T A, Aop (ME?ZQ bi))
~ Hom p(qpiGr(Bey5ov) (TBesor (M5 "), TBe,por (M52 )
for all ly,ly € Z. In particular, we have
HO(agr(A), ma(MF"))
~ Hom p(qBiGr(Ae, 4°p) (T sy 00 (A™), Tag, a00 (M)
~ Hom pqBicr(Be,Bor)) (TB, Bop (B™), gy, per (Mg'")
~ H(qgr(B), 15(Mg"))
for all [ € Z. Here, the first isomorphism is obtained as follows: we have
HO(qgr(A), ma(M5")) = Homggy(a) (ma(A), ma(M5"))
~ Homp gy 4) (A, RQa(MS"))
~ H*(RHomg: 4(4, RQA(MF")))
~ Homg; 4(A, RQa(MY'))
~ HY(RQa(MF"))o
~ Qa(MF")o

and

Homp qpiGr(awy a0r)) (Tagy Acr (AP, Tag,a00 (MFTPH)

~ Hom p(qBiGr(As, 40p)) (TAsy aor (A7)20,20), Tagy o (M ™))
~ Homp(gicr(ae, a0r)) (A”)20,20, RQaw, 400 (MF))

~ H°(RHompigr(agy a0r) (A7) 20,20, RQag, 400 (MF'™)))

~ Hompicr(ag, ao0) (A”) 20,0, RQagy a0 (M5'™))

~ HO(RQA@)kAOP(M%lbi))o,o

~ HO(R/QA(MI(?Z bi))070

~ Qa(M§"o.
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Note that in the above calculation, we use Lemma 4.6, the fact that (Abi)zozg is a projec-
tive object in BiGr(A ®y A°P) and an isomorphism 7 ag, 4o (AP ~ T4, a0r ((AP)>0.50) €
QBiGr(A ®j, A°), which is obtained from the definition of QBiGr(A ®; A°P).
Thus, we obtain a graded k-algebra isomorphism Rean(qgr(A4)) ~ Rean(qgr(B)).
([l

Remark 4.15. We explain the reason why ®4; is an equivalence in this remark. Let H/ :=
Rw gor g, (Bor)or (G) @k Rwporg, a(F). We define the functor

®,y : D(QBIGr(B & B°)) — D(QBiGr(4 ®; A°P))
(’iHl(_) = 7'['A®kAop (RMB®]€BOP(_) ®g®80p Hl)

Then, we calculate E’HI o 57{

= Idp(qBiar(A®, aor)) (—)-

In the same way, we can show that &DH o ‘EH’ is isomorphic to the identity functor. In the
above calculation, we use the following formulas about functors on the derived categories
of Z*-graded A°® ®; B -modules, where we regard A°" @ B as an N*-graded algebra
by the natural N4-grading:

(1) RQaeng, pen =~ R/Qgen 0o R'Qpen >~ R/Qpen 0 R/Q gen, where functors R'Q gen,
R'Qpen and RQ geng, pen are functors from D(BiGr(A®™®jB™")) to D(BiGr(A®™ ®y,
B¢™")). They are defined in the same way as in R'Q 4, R'Qp and RQ 4, 5. We also
have similar functors such as R'Q g, por and R'Q 4opg, 5, which are endofunctors
of D(BiGr(A ®; B°?)) and D(BiGr(A°P ®; B)), respectively.
(2) RQaeng, Ben (M ®; N) ~ RQaen(M) @ RQpen (N) for M € D(BiGr(A®")) and
N € D(BiGr(B®")). We also have similar formulas such as R'Q geng, gen (M ®j
N) ~ R'Qug, por (M) @5 R'Quor, 5(N) for M € D(BiGr(A ®5, B®)) and N €
D(BiGr(A° ®y B)).
(3) The projection formula: RQpgen (N @5 M) ~ N @Le R'Qpen(M) for M €
D(BiGr(A®™ @ B")) and N € D(BiGr(A®)).
(1) is proved in the same way as | , Proposition 3.41] (see also Lemma 4.2). (2) is
proved by using (1) and a direct calculation. (3) is proved in the same way as Lemma 4.5.
The main reason why the similar proofs work is that A", B and A" ®j B are finitely
generated as k-algebras and RQ gen, RQ pen commute with arbitrary direct sums because
RO aen = R'Qu0R/Q 400, RQOpen = R'QpoR'Qpor and RO A, RQaor, RQ 3, RO pov com-
mute with arbitrary direct sums.

To prove the main theorem, we need to recall the definition of AZ-(anti-)ampleness.

Definition 4.16 ([ , page 250]). Let (O, s) be an algebraic pair for a k-linear category
C. Then, (O,s) is AZ (Artin-Zhang)-ample if
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(a) for every M € C, there are Iy, -+ , 1, € N and an epimorphism @?_, s7»(0) — M
inC,

(b) for every epimorphism f : M — A in C, there exists ng such that the natural
map Home (O, s"™(f)) : Home (O, s"(M)) — Home(O, s™(N)) for all n > ng is
surjective.

In addition, we call (O, s) AZ-anti-ample if (O, s~!) is AZ-ample.

The following theorem shows the importance of AZ-(anti-)ampleness in noncommutative
projective geometry.

Theorem 4.17 (] , Theorem 4.5]). Let (O,s) be an algebraic pair for a k-linear
category C.
(1) We assume that
(AZ-1) O is noetherian,
(AZ-2) Home(O,0) is a right noetherian ring and Home(O, M) is a finite
Home (O, O)-module for all M € C,
(AZ-3) s is AZ-ample.
Let B := B(C,0, s)>0. Then, B is a right noetherian N-graded k-algebra and we
have an isomorphism of algebraic triples

(C,0,s) ~ (qgr(B), OB, (1)B).

(2) Let A be a right noetherian N-graded k-algebra satisfying the x-condition. Then,
(AZ-1), (AZ-2) and (AZ-3) are satisfied for (qgr(A),Oa,(1)a).

Now, we can prove Bondal-Orlov’s reconstruction theorem in noncommutative projec-
tive geometry.

Theorem 4.18. Let A, B be noetherian locally finite N-graded k-algebras. We assume that
A, B have balanced dualizing complezes. We assume that qgr(A),qgr(B) have canonical
bimodules K 4, K, respectively.

If —®@ Ka,— ®Kp are AZ-(anti-)ample, then

D*(qgr(A)) =~ D*(qgr(B)) = qgr(A) = qgr(B).
Proof. We assume that — ® K4, — ® Kp are AZ-anti-ample. Then, from Proposition 4.12,
we have
Ranti—can(qgr(A))zo = Ranti—can (qgr(B))ZO
as graded k-algebras. Since A, B satisfies the y-condition, so

qgr(A) ~ qgr(Ranti-can(agr(A))>0) =~ qgr(Ranti-can (481 (B))>0) ~ qgr(B)

by Theorem 4.17. In the case that — ® K4,— ® Kp are AZ-ample, we can prove the
theorem in a similar way.

0

In the following, we give an application of the argument of Theorem 4.18 for AS-regular
algebras. We recall the definitions of AS-regular algebras and AS-Gorenstein algebras
below.

Definition 4.19 (| , Section 8], | , Definition 3.1]). A locally finite N-graded
k-algebra A is called AS-regular (resp. AS-Gorenstein) over R = Ay if A satisfies the
following conditions:
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(1) gl.dim(A) = d < o0 and gl. dim(R) < oo
(resp. inj.dim4(A) = inj. dim gop (4) = d < 0),

(2) There exists an integer [ such that
R(l) ifi=d,
0 otherwise,

Exty (R, A) = Extlop (R, A) = {

where [ is called the Gorenstein parameter of A.

We also define a graded module twisted by a graded automorphism of a graded algebra.
Let A be an N-graded k-algebra. Let o be a graded automorphism of A. For a graded
A-module M, we define M, € Gr(A) by M, := M as a graded k-module and the new

right A-module structure is given by m - a = mo(a) for m € M and a € A.

Lemma 4.20 (] , Corollary 3.14]). Let A be a noetherian AS-regular algebra over
R = Ay of global dimension n with the Gorenstein parameter l. Then, A has a balanced
dualizing complex given by A, (—1)[n] € Gr(A®™") for some graded automorphism v of A. v
1s called the generalized Nakayama automorphism of A.

The application of Theorem 4.18 is the following corollary.

Corollary 4.21. Let A, B be noetherian AS-regular algebras over R = Ag and S = By,
respectively. Then,

D’(qgr(A)) ~ D(qgr(B)) = qgr(A) ~ qgr(B).

Proof. If the Gorenstein parameters of A, B are l4,lp and the global dimensions of
A, B are ny,npg, then Alal BlUsl are AS-regular algebras of dimensions na,np over
(A[ZA])O , (BUB]) o Tespectively ([ , Corollary 4.4]). In addition, the Gorenstein pa-
rameters of Al'al, BUB] are 1. From Lemma .20, we have the balanced dualizing complexes
of Allal, BUBl given by Al[,lf‘](—l)[nA], B,Llf](—l)[ng] for some graded automorphisms vy, vy
of Allal BlB] respectively. This means that — ® K gtta1, — @ Kgup are AZ-anti-ample.
Moreover, we have

D" (qgr (A1) ~ D¥(qer(4)) ~ D¥(agr(B)) ~ D* (qgr (B#))

from Lemma 3.8. So, we apply Theorem 4.18 to obtain qgr (AUA]) ~ qgr (B[IB]) and then
qgr(A4) ~ qgr(B).

]
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